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Abstract 

Representations of coherent state Lie algebras on coherent state manifolds as 
first order differential operators are presented. The explicit expressions of the 
differential action of the generators of semisimple Lie groups determine for linear 
Hamiltonians in the generators of the groups first order differential equations 
of motion with holomorphic polynomials coefficients. For hermitian symmetric 
manifolds the equations of motion are matrix Riccati equations. It is presented 
the simplest example of the non-symmetric space SU{3)/ S{U{1) x C/(l) x ^7(1)) 
where the polynomials describing the equations of motion have the maximum 
degree 3. 

1 Introduction 

In references ^ it was shown that the differential action of the generators of the 
groups on coherent state manifolds which have the structure of hermitian symmetric 
spaces can be written down as a sum of two terms, one a polynomial P, and the 
second one a sum of partial derivatives times some polynomials Q-s, the degree of 
polynomials being less than 3. Our investigations on the differential action of the 
generators has been extended from hermitian groups acting on hermitian symmetric 
spaces to semisimple Lie groups acting on coherent state manifolds which admit a 
Kahler structure, and explicit formulas for the polynomials P and Q-s have been given 
in]. Similar investigation has been done in ^H]- Explicit formulas for the simplest 
example of a compact non-symmetric coherent state manifold, SU{3)/ S{U{1) x U{1) x 
C/(l)), where the degree of the polynomial is already 3, have been also obtained [6J. 
We have formulated the problem of the differential action of the generators of the so 
called coherent state (shortly, CS) groups [211 1221 1231 I2H] in |H]- These are groups 
whose quotient with the stationary groups are manifolds which admit a holomorphic 
embedding in a projective Hilbert space. This class of groups contains all compact 
groups, all simple hermitian groups, certain solvable groups and also mixed groups as 
the semidirect product of the Heisenberg group and the symplectic group |2H| • 

The coherent states are a useful tool of investigation of quantum and classical sys- 
tems (221 . It was shown in [^1 Ej that a linear Hamiltonian in the generators of the 
groups implies equivalent quantum and classical evolution. It was proved that for Her- 
mitian symmetric spaces the evolution equation generated by Hamiltonians which are 
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linear in the generators of the group is a matrix Riccati equation. It is interesting to see 
how it looks like the corresponding equation of motion generated by linear Hamiltonians 
for CS-manifolds. This question is the main topic of the present investigation. 

Another field of possible applications is the determination of the Berry phase 
on CS-manifolds. In (SJ 15 there were presented explicit expressions for the Berry phase 
for the complex Grassmann manifold. These results were used further \^ for explicit 
calculation of the symplectic area of geodesic triangles on the complex Grassmann 
manifold. 

The paper is laid out as follows. In the first part we recall some facts about re- 
alization of coherent state Lie algebras by differential operators (cf. |HI). ^contains 
the definition of CS-orbits, in the context of Lisiecki |2ll |22l |2H] and Neeb jSHj. The 
geometry of coherent state manifolds for compact groups was previously considered in 
P). ^ deals with the so called Perelomov's CS- vectors. In ^we construct the space of 
functions on which the differential operators will act. In [JS]we study the representations 
of Lie algebras of CS-groups by differential operators, ^deals with the semisimple case. 
^6. II recalls some standard facts about the semisimple Lie algebras. Perelomov's coher- 
ent state vectors for semisimple Lie groups are defined in §fi.2l §6.31 recalls the results 
estabhshed in ^. The example of SU{3)/S{U{1) x f/(l) x f/(l)) is presented in 
In the second part the equations of motion associated to linear Hamiltonians in the 
generators of the groups are investigated. Some known facts established in references 
13 E] are recalled in ^ The next sections present firstly the example of equations 
of motion generated by linear Hamiltonians in the generators of the oscillator group 
( ^S.lj) and on the Riemann sphere and its non-compact dual ( §8.2|1 . The case of the 
complex Grassmann manifold is summarized in ^8.31 The last example in ^8.41 presents 
the equations of motions generated by the differential operators of ^6.41 

We use for the scalar product the convention: {Xx, y) = X{x,y), x,y E X E C. 

2 Coherent state representations 

Let us consider the triplet {G,T,'K), where T is a continuous, unitary representation 
of the Lie group G on the separable complex Hilbert space J-C. Let us denote by 
IK°° the dense subspace of "K consisting of those vectors v for which the orbit map 
G — s> 3i, I— >• T{g).v is smooth. Let us pick up Cq G and let the notation Cg^ : = 
T{g)-eQ,g G G. We have an action G x !K°° IK°°, g.eo := eg^. When there is 
no possibility of confusion, we write just Cg for eg^. Let us denote by [ ] : IK* : = 
^ \ {0} ~^ P(iK) = IK*/ ~ the projection with respect to the equivalence relation 
[Ax] ~ [x], A e C*, X G :K*. So, [.] : K:* ^ P(:K), [v] = Cv. The action G x K:°° K:°° 
extends to the action G x P(J{°°) ^ F{:H°°), g.[v] := [g.v]. 

Let us now denote by H the isotropy group H := G[eg] := {g G G\g.eo G Ceo}. 
We shall consider generalized coherent states on complex homogeneous manifolds M = 
G/H, imposing the restriction that M be a complex submanifold of P([K°°). 
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Definition 1. a) The orbit M is called a CS- orbit if there exits a holomorphic embed- 
ding i : M ^ P(IK°°). In such a case M is also called CS-manifold. 

b) (T, "K) is called a CS- representation if there exists a cyclic vector 7^ Cq G 
such that M is a CS-orbit. 

c) The groups G which admit CS-representations are called CS- groups, and their 
Lie algebras q are called CS-Lie algebras. 

The G- invariant complex structures on the homogeneous space M = G / H can be 
introduced in an algebraic manner. For X G 0, where q is the Lie algebra of the 
Lie group G, let us define the unbounded operator dT{X) on J{ by dT{X).v : = 
d/dt\^^QT{exptX).v whenever the limit on the right hand side exists. We obtain a 
representation of the Lie algebra q on !K°°, the derived representation, and we denote 
X.v := dT{X).v for X G 0,f G 'K°°. Extending dT by complex linearity, we get a 
representation of the complex Lie algebra 0c on the complex vector space Lemma 
XV.2.3 p. 651 in and Prop. 4.1 in [SB] determine when a smooth vector generates a 
complex orbit in F{'K°°). We denote by B :=< expQ^ b > the Lie group corresponding 

to the Lie algebra b, with b := b(eo), where b{v) := {X G gc : X.v G Cv} = (gc)^- 
The group B is closed in the complexification Gc of G, cf. Lemma XII. 1.2. p. 495 in 
PHj . The complex structure on M is induced by an embedding in a complex manifold, 
ii : M = G/H ^ Gc/B. We consider such manifolds which admit a holomorphic 
embedding ^2 : Gc/B ^ P(?{°°). Then the embedding i = ii o i^, t : M ^ P(J{°°) is a 
holomorphic embedding, and the complex structure comes as in Theorem XV. 1.1 and 
Proposition XV. 1.2 p. 646 in 

3 Coherent state vectors 

Now we construct what we call Perelomov's generalized coherent state vectors, or simply 
CS- vectors, based on the CS-homogeneous manifolds M = G/H. 

We denote also by T the holomorphic extension of the representation T of G to the 
complexification Gc of G, whenever this holomorphic extension exists. In fact, it can 
be shown that in the situations under interest in this paper, this holomorphic extension 
exists j2nil2Z|- Then there exists the homomorphism xo (x); Xo ^ H ^ T , {x '■ B ^ C*) , 
such that H = {g ^ G\eg = Xo{g)^o} (respectively, B = {g E Gc\eg = x{g)^o}): where 
T denotes the torus T := {z E C\\z\ = 1}. 

For the homogeneous space M = G/H of cosets {gH}, let X : G ^ G/H he the 
natural projection g 1—* gH, and let := A(l), where 1 is the unit element of G. 
Choosing a section a : G/H — > G such that a{o) = 1, every element g E G can 
be written down as g = g{g)h{g), where g{g) G G/H and h{g) G H. Then we have 
Cg = e^^^^^^^^Cg^g), wherc e*"^^^^^-* = Xo{h). Now we take into account that M also admits 
an embedding in Gc/B. We choose a local system of coordinates parametrized by Zg 
(denoted also simply z, where there is no possibility of confusion) on Gc/B. Choosing 
a section Gc/B Gc such that any element g G Gc can be written a.s g = gtKd)^ 
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where gb E Gc/B, and b{g) E B, we have Cg = A{g)ezg, where A{g) = xipi.9)) = 

Let us denote by m the vector space orthogonal to f) of the Lie algebra q, i.e. we have 
the vector space decomposition q = i) +va. Even more, it can be shown that the vector 
space decomposition g = P) + m is Ad if -invariant. The homogeneous spaces M = G/H 
with this decomposition are called reductive spaces (cf. [29j) and it can be proved that 
the CS-manifolds are reductive spaces (cf. |8]). So, the tangent space to M at o can he 
identified with m. Recall that for CS-groups the CS-representations are highest weight 
representations and the vector cq is a primitive element of the generalized parabolic 
algebra b (cf. j2H])- 

Let us denote X := dT{X),X G 'IL{qc), where IX denotes the universal enveloping 
algebra. Let g{g) = exp X, g{g) G G/H, X G m, e^(c,) = exp(X)eo. Let us remember 
again Theorem XV.1.1 p. 646 in [28]. Note that To{G/H) = Q/i) = Qc/b = (b + b)/b ^ 
b/hc, where we have a linear isomorphism a : g/f) = Qc/b, a{X + f)) = X + b (cf. 
j2ni)- We can take instead of m C the subspace m' C 0c complementary to b, or the 
subspace of b complementary to [)c- If we choose a local canonzca/ system of coordinates 
{za} with respect to the basis {Xa} in m', then we can introduce the vectors 

= exp( ^ ZaXa).eo G ^K. (3.1) 

We get 

e,(,) =T(a(z)), zgM, (3.2) 
and we prefer to choose local coordinates such that 

e.(,) = N{z)e,, N{z) = (e„ e,)-'/\ (3.3) 

Equations ()3.H) . ()3.2|) . and ()3.3p define locally the coherent vector mapping 

if-.M-^'K, ^{z) = (3.4) 

where IK denotes the Hilbert space conjugate to J-C. We call the vectors G IK indexed 
by the points z E M Perelomov's coherent state vectors. 

4 The symmetric Fock space 3^ji 

We have considered homogeneous CS-manifolds M = G/H whose complex structure 
comes from the embedding ii : M "-^ Gq/B. We have chosen a section a : Gq/B — > Gc, 

and Gc can be regarded as a complex analytic principal bundle B Gc Gc/B. 

Let us introduce the function : Gc ^ 'C, f^ig) := {eg,i/j),g E G,ip E Oi. Then 
f^{gb) = x{b)~^ f^{g) y 9 ^ Gc,b E B, where x is the continuous homomorphism of the 
isotropy subgroup B of Gc in C*. The coherent states realize the space of holomorphic 
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global sections r^°^{M, L^) = H^{M, L^) on the G<c-homogeneous line bundle associ- 
ated by means of the character x to the principal B-bundle (cf. \^^). The holomorphic 
line bundle is := M C, also denoted L := M C (cf. [HI EHI)- 

The local trivialization of the line bundle associates to every ip ^ "K a. holomor- 
phic function on a open set in M Gc/B. Let the notation Gs := Gc \ S, where 
5" is the set S := {g E Gcl^g = 0}, and ag := (e^, cq). Gs is a dense subset of Gc- We 

introduce the function : Gs ^ C, /,/,(5') = ip E g E Gs- The function /^(f?) 
on Gs is actually a function of the projection \{g), holomorphic in Ms := A(Gs). We 
have introduced the function /^(f?) = /,/.(%) = (^e- ^ 'el) ' ^^^^^ (^^s' ^o) 7^ 0, and also the 

coherent state map : M — > 'K°°,ip{z) = Cz.z E Vq, where the canonical coordinates 
z = {zi, . . . , Zn) constitute a local chart on Vq := Ms — > C", such that = (0, . . . , 0) 
corresponds to {B}. Note also that Vq = M \ Sq, where So := X{S) is the set of points 
of M for which the coherent state vectors are orthogonal to cq € "K, called polar divisor 
of the point z = (cf. PJ. 

Supposing that i/ie line bundle is already very ample, 3^^^ is defined as the set of 
functions corresponding to sections such that {/ G L'^{M, L) fl 0(M, L)\{f, f)y^ < oo} 
with respect to the scalar product 

{f^9)^^= I f{z)g{z)duM{z,z), (4.1) 

J M 

where dvu^z^z) is the invariant measure and dfiMiz,z) represents the G- 

invariant Radon measure on M. It can be shown that the space of functions J'^k 
identified with L'^'^°^{M, L-^J is a closed subspace of L'^{M, L^) with continuous point 
evaluation (cf. [31j). 

Note that eq. (j4.1|) is nothing else than the Parseval overcompletness identity j^]: 
(^i,V'2)= / {il)i,ez){e2,il)2)dvM{z,z), (V"!, ^/'2 e ^)- (4.2) 

JM=G/K 

Let us now introduce the map 

$ : JC^ ^ :?:k,$(^) := f^., f^{z) = ^ij){z) = {ip{z),,p)^ = (e,-,^):K, z G Vq, (4.3) 

where we have identified the space "K complex conjugate to "K with the dual space !K* 
of %. 

In fact, our supposition that is already a very ample line bundle implies the 
validity of eq. (cf. Theorem XII. 5. 6 p. 542 in j2Hl! Remark VIII. 5 in ^24 , and 

Theorem XII.5.14 p. 552 in [2H]). 

It can be seen that the group-theoretic relation (j4.2p on homogeneous manifolds 
fits into Rawnsley's global realization [33] of Berezin's coherent states on quantizable 
Kahler manifolds 9,^. 

It can be defined a function K, K : M x M ^ C, which on Vq x Vq reads 

K{z, w) := K^{z) = {e„ e^):K- (4.4) 
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Taking into account ()4.H|1 and supposing that eq. ()4.2j) is true, it follows that the 
function K (I4.4|l is a reproducing kernel. We have: 

Proposition 1. Let (T, IK) he a CS-representation and let us consider the Perelomov's 
CS-vectors defined in Suppose that the line bundle L is very ample. Then 

i) The function K : M x M —>■ C, K{z,w) defined by equation ^■4\ ) is a reproducing 
kernel. 

ii) Let 3^ji be the space L^'^°^(M, L) endowed with the scalar product Then 
3^j{ is the reproducing kernel Hilbert space "Kk C associated to the kernel K 

iii) The evaluation map $ defined in eqs. extends to an isometry 

(V'i,^2):k* = ('^'(^i),*(^2))?5f = (/^i./v2):f« = / 7^^{z)f^,{z)duM{z), (4.5) 

Jm 

and the overcompletness eq. is verified. 



5 Representations of coherent state Lie algebras by 
differential operators 

We remember the definitions of the functions and which allow to write down 

Uiz) = (e,,^) = (^(^)"°'^) ^ e M, ^ e J{. (5.1) 
{T{g)eo,eo) 



We get 
where 



fTi7).^i^) = f^i9',z)f4g' \z), (5.2) 

M9'..) = ^^i=i^ = ^. (5.3) 

(T(^)eo,eo) A(^) 

Recall that T{g).eo = e^^^^^e^ = A{g)ezg where we have used the decompositions g = 
g.h, [G = G/H.H); g = Zg.b {Gc = Gc/B.B). We have also the relation Xo(^) = 
gjQ(h)^ fi ^ U and x{b) = A(6), b e B, where A{g) = j^^^^^- We can also write 
down another expression for multiplicative factor /i appearing in eq. ()5.2|) using the 
CS-vectors: 

^^{9\ z) = Aig'){e„ e,,) = e^^^"') %^ (5.4) 

(e?,ep)i/^ 

The following assertion is easily checked out: 

Remark 1. Let us consider the relation i5.1]) . Then we have i5.^} . where fi can be 
written down as in equations i5.!:J\) . \5.4^ . We have the relation ^i{g,z) = J{g~^, z)~^ , 
i.e. the multiplier /i is the cocycle in the unitary representation {Tk,0-Ck) attached to 
the positive definite holomorphic kernel K defined by equation \4.4^ , 

{TK{g).f){x) := J{g-\ xr\f{g-\x), (5.5) 
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and the cocycle verifies the relation 



J {.9192, z) = J{9i,92z)J{92,z) 



(5.6) 



Note that the prescription i5. ,5j) defines a continuous action of G on Hol(M, C) with 
respect to the compact open topology on the space Hol(M, C). If K : M x M C 
is a continuous positive definite kernel holomorphic in the first argument satisfying 
K{g.x,g7y) = J{g,x)K{x,y)J{g,y)*, g E G, x,y E M, then the action of G leaves the 
reproducing kernel Hilbert space "Kk ^ Hol(M, C) invariant and defines a continuous 
unitary representation {Tx,'Kk) on this space (cf. Prop. IV.1.9 p. 104 in |28'). 

Let us consider the triplet {G,T,'K). Let := 3-C°°, considered as a pre-Hilbert 
space, and let Bq{'K'^) C denote the set of linear operators A : — > which 

have a formal adjoint A" : CK°, i.e. {x, Ay) = {A^x, y) for all x,y E JC. Note that 

if BqCK^) is the set of unbounded operators on J{, then the domain D{A*) contains IK" 
and C and it makes sense to refer to the closure A oi A e Bol^K^) (cf. jlEj 

p. 29; here A* is the adjoint of A). 

Let be the Lie algebra of G and let us denote by § := U{qc) the semigroup 
associated with the universal enveloping algebra equipped with the antilinear involution 
extending the antiautomorphism X i— > X* := —X of gc- The derived representation is 
defined as 



dT : l[(0c) ^ Boi^K' 



with dT(X).v := 4 
^ ^ dt 



T{exptX).v,X e Q. 



(5.7) 



Then dT is a hermitian representation of S on 3-C° (cf. Neeb j2HI) P- 30). Let us 
denote his image in 5o(:K°) with Am := dT{§). If $ : ^ J'^k is the isometry 
we are interested in the study of the image of Am via $ as subset in the algebra of 
holomorphic, linear differential operators, $Am$~^ := C Dm- 

The sheaf Dm (or simply D) of holomorphic, finite order, linear differential operators 
on M is a subalgebra of homomorphism 'Komc{OM, Om) generated by the sheaf Om 
of germs of holomorphic functions of M and the vector fields. We consider also the 
subalgebra 21^ of Am of differential operators with holomorphic polynomial coefficients. 
Let U := Vo in M, endowed with the coordinates (zi, Z2, - ■ ■ , Zn)- We set di := ^ and 
9" := Sfi^f ■■■9^", a := (ai,a2,-- - , "n) e N". The sections of Dm on U are 
A : / 1-^ Xla'^a'^"/; '^a ^ ^(t/, 0), the tta-s being zero except a finite number. 

For k E N, let us denote by the subsheaf of differential operators of degree < k 
and by D'f. the subsheaf of elements of Dk without constant terms. Dq is identified with 
and D[ with the sheaf of vector fields. The filtration of Dm induces a filtration on 
21a/. 

Summarizing, we have the following three objects which corresponds each to other: 



Q3X 
We can see that 



X eA 



M 



X G Am C Dm, differential operator on 3"^. 
Proposition 2. //$ is the isometry U.^ , then ^dT{gc)^^^ ^ Di. 



(5.8) 
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Proof. Let us consider an element in qc and his image in D a/ via the correspondence 

dEHD: 

G = dT{G) = j^\t=oT{expitG)). 
Remembering equation ()5.2|) and determining the derived representation, we get 

GMM) = {Pa{z)+J2Qhi^)-^)Ui^y, (5.9) 

Pg{z) = ^\t=olJ'{exp{tG),z); Qg{z) = ^\t=o{exp{-tG).z)i. 
dt dt 

Now we formulate the following assertion: 

Remark 2. If {G,T) is a CS-representation, then Am is a subalgebra of holomorphic 
differential operators with polynomial coefficients, Am C SIm C Dm- More exactly, for 
X G g, let us denote by X := dT{X) G Am, where the action is considered on the 
space of functions ff'^K- Then, for CS-representations , X G 2li = 2to © 21^ 

Explicitly, if X & A is a root and G\ is in a base of the Lie algebra gc of Gc, then 
his image Ga G T)m O'Cts as a first order differential operator on the symmetric Fock 
space 3^:k 

Ga = Pa + Yl ^^./^^/S' ^ ^' (^-^0) 

where P\ and Qx^p are polynomials in z, and m' is the subset of gc which appears in 
the definition \3. 1]) of the coherent state vectors. 

Actually, we don't have a proof of this assertion for the general case of CS-groups. 
For the compact case, there exists the calculation of Dobaczewski ^H]- For compact 
hermitian symmetric spaces it was shown 3j that degrees of the polynomials P and Q-s 
are < 2 and similarly for the non-compact hermitian symmetric case jlj. Neeb j2H] gives 
a proof of this Remark for CS-representations for the (unimodular) Harish- Chandra 
type groups. // G is an admissible Lie group such that the universal complexification 
G Gc is infective and Gc is simply connected, then G is of Harish- Chandra type (cf. 
Proposition V.3 in [21] )• The derived representation (|5.7p is obtained differentiating 
eq. (15. 5p . and we get two terms, one in Dq and the other one in D[. A proof that the 
two parts are in fact 2lo and respectively 21'^ is contained in Prop. XII. 2.1 p. 515 in |2H1 
for the groups of Harish- Chandra type in the particular situation where the space p+ 
in Lemma VII. 2. 16 p. 241 in [2H] is abelian. 
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6 Representation of semisimple Lie groups by dif- 
ferential operators 



6.1 Semisimple Lie groups and flag manifolds 

We use standard notation referring to Lie algebras of a complex semisimple Lie group 
G jnZI- In this case A = A^, i.e. A^ = {0}, i.e. all roots are semisimple. 

- complex semisimple Lie algebra 

t C - Cartan subalgebra 

b = t + b" - Borel subalgebra 

b" = Ylia&,+ 0" ^ nilradical of b 

S - root system for (g, t) 

S"*" - a positive root system 

\1/ - a simple root system for E 

S 3 a = X]^G* '^Ai('^)/^ ^ unique, G N, n^{a) > if a G S^; n^{a) < if a G S~ 

D $ — > $»■ = {a G S; n^(Q;) = whenever /i ^ $} 
= {a G S; n^(a) > for some /i ^ $} = E+ \ {S+ n $''} 

= P$ + P$- parabolic subalgebras of g corresponding to \E' C $ 
P$ = t + Z]qg<I"- 0a - the reductive part of p$ 
P$ = Zloe*" 0a " the unipotent part of p$ 
Ao = A_ = A+ = 

B = {g E G; Ad{g)b = b} - Borel subgroup (maximal solvable) 
P = {(7 G G; Ad((y')p = p} - parabolic subgroup (contains a Borel subgroup). 
In the notation of Definitions VII.2.4 p. 234, VII.2.6 p. 236 and VII.2.22, p. 244 in 
[2HI we have = A+ and = Afc. 
We remember the following facts: 

1. Let G be complex semisimple Lie group, Gu his compact real form. Then the 
isotropy group K = Gu Ci P is connected and the compact simply connected Kdhler 
manifold M ^ Gu/K ^ G/P is an algebraic manifold (Hodge), called generalized 
complex flag manifold. G is viewed as a group of holomorphic transformation on M. 

2. Let G be a homogeneous compact Kdhler manifold. Then the projective space 
orbit of an extreme weight vector is an irreducible finite representation of G'^ . 

3. Let Go be a real form of G,x G G/P. Then K = Gq H P = G.^ P ■ Go{x) has a 
Go-invariant Kdhler metric. The Kdhler orbit Gq{x) is open in G'^/P. 

For symmetric spaces K is a maximal compact subgroup of G. Hermitian symmet- 
ric spaces correspond to centerless semisimple Lie groups, which verify the condition 
deidi^)) = 6 of Definition VII. 2. 15 p. 241 in [2HI) of quasihermitian groups, and p^ is 
abelian. 
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We also need the commutation relations in the Cartan-Weyl basis jT2j 



[Hi, Hj] 

[Hi, Ea] 
< [Ea,Ei3] 
[Ea, Efs] 
^ [Ea,E^a] 




i = 1, . . . ,r,ifi G t, 
Oi = a{Hi), 



a + peA\{0}, 
a + ^ AU {0}, 



(6.1) 



As a consequence, we have also the commutation relations: 



[E_„E,] = -^H, ^H := (7,ff) = EU^jHj; 
[H,E^] = a{H)E^. 



(6.2) 



6.2 Perelomov's coherent vectors for semisimple Lie groups 

All representations of compact Lie groups are CS-representations because these repre- 
sentations are highest weight representations. Kostant and Sternberg [T^ showed that 
for any representation of a compact group G the orbit to a projectivized highest weight 
vector is the only Kahler coherent state orbit. Harish-Chandra ^H! has defined high- 
est weight representations for non-compact semisimple (or even reductive) Lie groups. 
He has classified square integrable highest weight representations. This classification 
has been fully realized by Enright, Howe and Wallach, and independently by Jakobsen 
|14j . Lisiecki has emphasized (cf. [21] and Theorem 6.1 in ^]) that: a non-compact 
semisimple Lie group is a CS-group if and only if it is hermitian. If this is the case, the 
CS-representations of G are precisely the highest weight representations. Each of them 
has a unique CS-orbit, which is the orbit trough the highest line. The starting point 
of the proof of Lisiecki is the paper of Borel [llj, where it is proved: a non-compact 
semisimple Lie group G admits a homogeneous Kahler orbit if and only if it is her- 
mitian, and such a manifold is of the form G/Zg(s), where Zg{s) is the centralizer of 
a torus S C G; moreover, it is a holomorphic fiber bundle over the Hermitian sym- 
metric space G/K, where K is a maximal compact subgroup of G, with (compact) flag 
manifolds K/Zq(s) fibers. 

Let us consider again the triplet {G, n, Oi.) where (G, tt) is a CS-representation. 
Then this representation can be realized as an extreme weight representation. For 
linear connected reductive groups with Zk{}) = fi, where 3 denotes the center of the 
Lie algebra t of K, the effective representation is furnished by the Harish-Chandra 
theorem (cf. e.g. [H], p. 158). The theorem furnishes the holomorphic discrete series 
for the non-compact case, and for the compact case it is equivalent with the Borel- Weil 
theorem (PJ; also cf. [IH], p. 143). 

In accord with the procedure of ^for getting Perelomov's CS- vectors, we start with 
Cgfl. Then we consider for a everywhere dense subset G^ C G the Gauss decomposition 



g = g+-go-9- ,9 ^G . 



(6.3) 
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If we restrict ourself to the complex semisimple Lie groups, then, in the notation of the 
§6.H eq. (jfj.Hj) reads 



5f = exp z^E^. exp^ViHi. exp ^„E„.exp VaEa, (6.4) 

where (zq,, f j, C,a, Va) are local coordinates for G. 

If the extreme weight j (here minimal) of the representation has the components 
j = (ji, ■ ■ ■ ,jr), where r is the rank of the Cartan algebra, then 

Hk^j = jk^j, = 1, . . . , r; ((] 
E^ej = : a G A_ U Ao. ^ ' 

Perelomov's CS-vectors are 

e^j = exp( ^ ZaEo)ej, (6.6) 

where Za are local coordinates for the coordinate neighborhood Vq C M, Vq = M \ Sq. 
So is the polar divisor Sq = A (5). For hermitian symmetric spaces it was proved in [Hj 
that So = CLq, where CLq is the cut locus relative to the origin G M. 



6.3 Differential operators on semisimple Lie group orbits 

We start introducing the notation 



oeAj 



and then da{Z) = E^, where da '■= a G A+. 

We remember the definition of the Bernoulli numbers Bi (see e.g. pQ): 

-.1 V ^/ — l^fc'^ 



k>l ^ ' n>0 

1 (-1)''"^ 

Co = 1; ci = -; C2fc+i = 0; csfe = ^fc; (6.8) 

5i = -: ^2 = — ; 53 = —: ^4 = — (6.9) 

6' 30' 42' 300' ^ ^ 



The following lemma is needed: 
Lemma 1. Let the relation: 



1 1 

_ = y^Cfc- -T (6.10) 



Then the constants Ck of eq. \6.1(^) verifies the definition \6. 7| ). 
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We need also another formula similar to 
Lemma 2. Let the constants dk be defined by the relation: 



1 1 

^"^7 ; TTT . (6.11) 



(n + 2)! ^ '^(n-A; + l)! 
Then the constants c and d are related by 

4 = {-ifck+i . (6.12) 

Now we recall the main results established in [E]: 

Theorem 1. Let G be a semisimple Lie group. If G\ is the generator of the group G, 
then Ga G Si = Do © D'^. More exactly, Ga E 2ti, i.e. 

Gx = Px+J2 Qa,/35/3, a G a, (6.13) 

/3GA+ 

where P\ and Q\^p are polynomials in z. 
Explicitly: 
a) For a G A+, 

V 

Ea = ^Cfc ^ Pkaf3{z)da+f3, (6.14) 

fc>o /3eA+ 

where the coefficients Ck, related to the Bernoulli numbers by eq. 46'. are introduced 
by eq. i6.1(J\) . The polynomials pkap, G N, a G A+ are given by the equation: 

k > 1 (6.15) 



aiH \-ak=P 



where 

^oi-'-afcO ^ai,a^a2,a+ai ' ' '^Ofe,a+cnH hOfe-ij (^ — '3?o 0), (6.16) 

and nap,a,l3 G A+ are the structure constants of eq. 46'. i)) . and for k = the sum 
US. 14]) is just da . 

The expression (|6'. can be put also into a form in which the Bernoulli numbers 
are explicit: 

Ea = da + - ^ Zfsnp^ada+fS + ^ .^^x, Bk ^ Pkaf^da+fB- (6.17) 
/3GA+ fc>l /3GA+ 

r/ie degree of the polynomial p has the property: degree pka/s < ^] Vkap as a function 
of z contains only even powers. The table below contains the values of v. 
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Degree v for simple Lie algebras 





V 


= I - 


- 1 


I > 1 


Eq 


V = 


10 G2 : z/ = 4 


Bi 


V 


= 21 


- 2 


/ > 2 


Er 


V = 


16 


Q 


V 


= 21 


- 2 


/ > 2 


Es 


V = 


28 


Di 


: V 


= 21 


-4 


/ > 3 




V = 


10 



b) The differential action of the generators of the Cartan algebra is: 



c) If {a,j) = 0, then 



/3GA+ 



/36A+ 



d) If '-f E A_ is simple root, then 

V 

where the coefficients d are expressed through the coefficients c by eq. \6.1^) 
The expression of the polynomials q-ys,''y G A_, 6 G A_|_ is 



In the case of Hermitian symmetric cases eq. \6.i4 ) becomes simply: 

Ea = da 

while eq. I\6.20\) becomes 



7-QeAfe\{0} 

The main ingredient in the proof jH] of Theorem ^ is the formula: 

Ad(exp Z) = expad^, Z E Q, 



I.e. 



e^Xe-^ = V ^ad^X, X,Z Eq, 



n>o 
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where 

adyX = [F, X], adyX = [Y, ady~^X], m > 1, ad^X = X. 
We also have used the relation 



n>l ^ 



(6.25) 



Due to the correspondence ()5.8|) . the operator of the left hand side of eq. ()6.24|) 
corresponds to the differential action on 3^yc, and e'^Xe"^ ^ —X . 

6.4 An example: SU{3)/S{U{1) x [/(I) x U{1)) 

In this section we follow closely [20] for the example of the compact non-symmetric 
space M = SU{3)/S{U{1) x U{1) x U{1)). 

The commutation relations of the generators are: 



[Cij, Cm] — SjkCii — SiiCkj, I < i, j < S. 



(6.26) 



Let us consider the following parametrizations useful for the Gauss decomposition 
and also in the definition of the coherent states for the manifold M: 



V+{C) = exp(Ci2Ci2 + C13C13 + C23C23), 



(6.27) 



VUz) = exp{z23C23) exp(zi2Ci2 + 2:13^13) 



(6.28) 



Let us denote by the same letter Cij the n x n-matrix having all elements except 
at the intersection of the line i with the column j, that is Cij = {SaiSbj)i<a,b<n] here 
n = 3. Then: 



1 


C12 


Cl3 


+ K 





1 




C23 










1 






Z12 


zn 


-\ 





1 


Z23 




^ 





1 



Now observing that for 



(6.29) 



(6.30) 



we get 



2^12 — C12; 2:13 — Ci3 + -C12C23; Z23 — C23, 



V40 = vUz). 



(6.31) 
(6.32) 
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So, we have two parametrizations of the compact non-symmetric flag manifold M = 
SU{3)/S{U{1)) X f/(l) X f/(l)): one in (, given by eq. (jFT^ and the other one in z, 
given by (j6.3(jp . which are identified with the relations (|6.31|) . 
Let us consider also the CS-vectors 

= exp{Zi2C21 + Zi3C3i)exp{z23C32)4>w 

Now 0U, is chosen as maximal weight vector corresponding to the weight w = 
{wi,W2,Ws) such that ji = Ui — 002 > 0,j2 = 002 — UJ3 > and the lowering opera- 
tors are Cij,i > j, and Ca generates the Cartan algebra, i.e. 

Cij4>^ = 0, i< J, (6.34) 

Cii(j)yj = Wi(f)m. 

The coherent state vectors corresponding to the representation vr^^, determined by eqs. 
()6.34|1 are introduced as 

ez = 'n-w{{Vl{z))(f)^. (6.35) 



Denoting by Z the matrix 




(6.36) 



the reproducing kernel which determines the scalar product (e^ , e^) has the expression: 

K{ZZ+) = A{'{ZZ+)Ai'{ZZ-^); 
Ai = 1 + |zi2p + kisr; 

A2 = (1+ ki2|'+ kl3n(l + ^231') - kl2 + 2;i3^23|'- 

In particular, it is observed that for 2:23 = 0, M becomes SU{3)/ S{U{2) x f/(l)) = 
(j'i(C^) = CP^. In order to compare with the scalar product for coherent states on 
M ^ CP^ ~ Gi(C^) we remember that in the case of the Grassmannian we have used 
in [31 Ej a weight which here corresponds to Wi = 1,W2 = = and then on CP^ the 
reproducing kernel is just K{ZZ~^) = Ai. 

The calculation which has as result Lemma El (cf. p]) does not use the value of the 
reproducing kernel and is an algebraic one. 

Lemma 3. The differential operators Cij associated to the generators Cij are given by 
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the formulas: 

Cii = -2:12 5i2 - zisdis + wi, 
C12 = di2, 

Ci3 = ^13, 

C2I = -^?2^12 - ^12^13^13 + (^12^23 " ^13)^23 + {^1 " ^2)^12, 

C22 = Zudu - Z23d23 + W2, 

^23 = ^12<9l3 + f^23; 

C31 = — ^12^13*912 ~ ^13*913 + (^12^23 ~ ^13)^23 ^23 + 

{Wi - W3)zi3 - {W2 - W3)zi2Z23, 

C32 = ^13^^12 - ^23^23 + {W2 " ^3)2:23, 

C33 = Zisdis + Z23d23 + W3 . 

We have underlined the apparition of a third-degree polynomial multiplying the 
partial derivative of C31. Note also the relation Cu + C22 + (^33 = wi + W2 + 



7 Equations of motion 

Let (M ^ G/ H,uj) he a quantizable homogeneous Kahler manifold. Let us consider the 
triplet (LjhjV), where L is a G-homogeneous holomorphic positive line bundle, h the 
hermitian metric and V the connection compatible with the complex structure. The 
quantization condition reads: 

u ^iQL = 7^ci{L) ^ -idd\og{h), (7.1) 

where Ql is the curvature matrix of L and ci is first Chern class. Here the hermitian 
metric is given by 

h{z,z) = {e„e,)-\ (7.2) 
while the Kahler potential is K{z) — — log h{z) — log(eg,eg). The Kahler two-form is 

^(z) = ^ XI Sa,/3C?^a A dZp, (7.3) 

where 

q2 

9aA^) = -Q^^ log(e.-, e,). (7.4) 

\{ H E Q and the corresponding element in is -ff, then the energy function 
(covariant symbol) attached to H is 

H{z,z) (e,(,),/fe,(,)) = N'{z){e„He,) = i^Il^. (7.5) 
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The homogeneous quantizable Kahler manifolds M G/H ioi which the group 
G verify some obstructions which for semisimple Lie groups are H^{q) = H^{q) = 
{0} can be organized as elementary Hamiltonian G-spaces jT^]. Passing on from the 
dynamical system problem in the Hilbert space "K to the corresponding one on M is 
called sometimes dequantization, and the system on M is a classical one. Following 
Berezin ^0], the motion on the classical phase space can be described by the local 
equation of motion 

= i{H , z-y},'j E A+. (7.6) 
In eq. ()7.(j|l {■, ■} denotes the Poisson bracket: 

The equations of motion ()7.6|) can be written down as 

S 




dz 



d_ 

dz 



H. (7.7) 



-S 

We consider algebraic Hamiltonian linear in the generators of the group 



AeA 



If we take into account eq. then the equations of motion ([7. 6p are (cf. |Slll|) 

iza = ^ exQx,a, « e A+. (7.9) 
aga 

For linear Hamiltonians ()7.8|) . we look for the solution of the Schrodinger equation 

(Hini) 

= i^ (7.10) 

via Perelomov's coherent state vectors: 

^ = ^(^) = e^'^e,. (7.11) 

It can be proved (cf. 0111) that: // the initial state is a coherent state and the Hamil- 
tonian is linear in the generators of the group, then the state will evolve into a coherent 
state. More exactly, 

Proposition 3. On the manifold M of coherent states for which formulas \5.10\) are 
true, the classical motion and the quantum evolution generated by the linear Hamiltonian 
(|7.i^ are given both by the same equation of motion ^7.y{ ). For semisimple Lie groups 
the expression of the polynomials Q-s is that given in Theorem The phase in eq. 
a?. 11]) is given by the sum (|7. ii^ 

Lp = ~ f Hdt-^ f l^iL^ (7.12) 

Jo Jo \^zi ^z) 

of the dynamical and Berry phase. 
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8 Explicit examples of equations of motions 



The first two examples presented below are pedagogical. The case of the Grassamnn 
manifold and its non-compact dual are taken from ^ H] . The last example is derived 
as application of the expressions of the differential operators presented in §6.41 

8.1 The oscillator Group 

The canonical commutation relations of the creation and annihilation operators are 

[ax, a^,] = 5x,x'l] A, A' = 1, . . . , n. 
The Perelomov's coherent state vectors (Glauber's coherent states) are 



The differential operators are Gx^^ = Px,^, + Yl Q^fi^pdp, where Pa,/. = 0; Qx^^i-p = z^Sp^x- 
The linear Hamiltonian 




where 



axCQ = 0, 
ate^ = dxe. 



axez = zxCz. 




implies the equation of motion 




8.2 SU{2)/U{1) & SU{1, l)/U{l) 



The generators verify the commutation relations 



[Jo,J±] = d=J±;[J_,J+] = -2Jo, 



and 




We have 



J+ez 

J-Cz 



(-j + zd)e^, 
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The linear Hamiltonian 

H = e+J+ + + eoJo, 

where eg = cq; = = e+, imphes the Riccati equation of motion 

= eo-2 — e_2;^ + e+. (8.1) 

In the non-compact case, the generators verifies the commutation relations 

and finally we have the equation of motion with a minus sign in the front of the term 
z'^ comparatively with the equation ()8.ip corresponding to the compact case: 

iz = eoz + e.z"^ + e+. (8.2) 

The change of sign for the Riemann sphere and his non-compact dual as in equations 
(j8.1j] and ()8.2|1 take place also in the case of the Grassmann manifold. 

8.3 The complex Grassmannian Gn{C'^^'^) 

The complex Grassmann manifold is Gn{C"^'^"') ~ SU{n + m)/S{{U{n) x U{m)). The 
non-compact dual of the complex Grassmann manifold is SU{n,m)/ S{{U{n) x U{m)). 

The differential operators on G„(C™^") ("Slater determinant manifold") are (cf. 
0111): 

Kn = ^tn = 9^m, 

The linear Hamiltonian is 

l<li,u<m m<fj,,u<m+n 
m m+n 

' / J / J ip tp ' tp pi ' 

i=l p=m+l 

where F (K) are generators for compact (resp. non-compact) Grassmannian. 

The equation of motion on the compact (resp., non-compact) Grassmann manifold is 

the Matrix Riccati equation (cf. 00]) 

iZ = -Ze\ + e\Z + e+ ± Ze'Z, (8.3) 

With the linear fractional change of variables Z = XY^^ we get a linearization of the 
matrix Riccati equation ()8.3|) 

f)^v.(?),v^(:^ -:f). (8.4) 
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where the subindex c {n) corresponds to the compact (resp., non-compact) case. The 
dimension of the matrices X, Y, Z, e?, e^, e"*", e~ are, respectively: mxn,nxn,mxn,mx 
m,n X n,m X n, and n x m. 



Now we come back to the example of §fj.4l and we consider the linear hermitian Hamil- 



Proposition 4. In the parametrization hd. on SU{3)/S{U{1) x U{1) x U{1)), the 



iZ23 — ^21 (^122:23 ^ ^13) ~ ^22^23 + ^23 + ^31 (^12^23 ~ ^13)^23 
~^32Z23 + £332^23 

Comment In the 2;-parametrization given by eq. the first two equations in 

()8.6|) do not depend on 223 and are in fact a matrix Riccati equation on SU {3)/S{U{2) x 
U{1)) = Gi{C^) = CP^ in accord with eq. (jHS))- In the situation ^23 = 0, the 
representations in z and ( coincides, and the terms in Proposition Q corresponding to 
are missing and we get in the equation of motion (j8.6|) only the first two equations. 

In the parametrization with z the flag structure of SU{3)/ S{U{1)) x U{1) x U{1)) is 
reflected in the decoupling of the first two equations of motion of the third. 
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